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L ear ning Outcomes /VERS

After usng the gpplet and accompanying tutoria and theory sheets you should
be aware of the difference between a chord and a tangent
be able to handle the different notation used for the gradient of a chord and of a tangent

have developed, through experimentation, an understanding of basc differentiation and
how chords and tangents are related to the differentiation process

be able to answer “what if ...7" questions about basic differentiation.

I ntroduction

Differentiation has important applications in science and technology. Examples include:
Planetary motion, vibrations of mass/spring/damper systems and determining maximum and
minimum vaues. Since differentiation is frequently used in moddling time-dependent
systems, the independent variable often used is t (for time) rather than x. For example, in a
masyspring/damper system, the system output, the deflection, y, of the mass from its
equilibrium position depends on the time, t, that the system has been in motion. This tutorid
sheet and accompanying applet use y and X, as often used when meeting differentiation for
thefirg time.

The accompanying applet is used soldly to introduce basic concepts of differentiation and,
consequently, uses just the one function (y = x?) to put across these idess.

L cading the Software Aol
Sdect “Differentigtion 17 ™

from the web page from |~ N L
which this tutorid sheet |- o]

was obtained. When
loaded, you will see the
“Differentiationl:

Chords and Tangents’
gpplet window as shown
here.

Running the applet A
The two scrollbars on |}
the right of the applet |’ F Fbml | 1 ]

window dlow the user
to change the x-values
of Pand Q. Clicking the
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arrow boxes a ether end of the scrollbars effect small changes in their values. Clicking in
the main part of the box of the scrollbars makes larger changes. Clicking, holding and
moving the dider in the slider bar can make any sort of change.

Changing the values by moving the slidersis the only means of user-input.
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The Tutorial

The applet shows two points, P and Q, on the graph y = x? and the (dotted) line that passes
through them. When the applet loads, point Pis set a 2.0 indicating that its x-coordinate is
X = 2.0 s0 the coordinates of P are (2, 4). The default value of Q is 4.0, so point Q has
coordinates (4, 16).

[ Remember that ony = x?, the y value is the x val ue squar ed]
Chords A line that passes through two points on a curve is a chord, so the dotted line
through P and Q is the chord through P and Q (there is only one chord joining any two

points).

Gradient of a straight line The gradient of araight lineis determined by dividing the
vertical height that the line rises between any two points on that line by the corresponding
horizontd distance between those two points. Thisis often stated as “rise over run”, where
the rise and the run can be seen marked on the gpplet's graphics area. The “rise” isthe
difference between the y-vaues of the two points P and Q and the “run” isthe difference
between the x-values. If the points are labelled P(xy, y1) and Q(X», Y») then,

gradient of aline= 1= = Y2~ %1
run X2 - X1

Note the order of subtraction. Here, rise = y, — y; and run = X, — X3, but you could have
used rise=y; — Y, and run = X; — X, to obtain the same gradient. It doesn't matter whether
you usey, —Y; or y; — Y, in the top line as long as the difference in the bottom line isin the
same order (both sets of subscripts should be 2 — 1, or both 1 —2).

Use the information provided by the gpplet when it initidly loads to complete the following

table using the coordinates of P as (X1, y1) and Q as (X, Y»):

P Q Yo=Y1 | X2—Xg Yo- Vi Yi—=Yz2 | X1—Xz Yi- Yo
(YD) | (%2 Y2) X, - X, X%
(2,4) | (4,16)

So the gradient of the chord joining P(2, 4) and Q(4, 16) is

Now use the gpplet, leaving P fixed, to complete the following table:

P Q Y2— Y1 X2 —X1 Y- %
X, - X [Remember if you want to
change the position of Q from
(2, 4) (4-0, 16) X =40to x = 3.5 you can
(2,4) (3.5, ) either (a) click inside the dlider
(2,4) (3.0, ) area five times (giving 4.0, 3.9,
3.8, 3.7, 3.6 and then 3.5), (b)
(24 |25 ) dlick in the scrollbar's left-
(2,4) (2.4, ) arrow 50(!) times or (¢) move
(2, 4) (2.3 ) the slider until you obtain 3.5.
) =y of h ’ . h .
2. 4) 2.2 ) useth;s:] () is the easiest to
(2,49 (1 )
(24 |20, )
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The entry for the last row might cause you a problem! The y, — y; and X, — X; vaues are
zero; leading to zero divided by zero, which isindeterminate - that isit could be any vaue!

Have alook a the sequence of vaues in the fina column of the above table. This column
contains the gradients of chords joining P and Q. However, for the last entry P and Q are
coincident — they are the same point and the chord (joining two separate points on the
curve) becomes the tangent (touching a one point on the curve). The missng entry in the
find columnisthe vdue of the gradient of the tangent to the curve at the point (2, 4).

So what vaue should it be? It certainly looks as though it should bethevaue........

What about if you continue the table, taking Q to the left of P. Complete the following;

P Q Y2—V1 X2 — X1 A
X = X
2,4 | (L9 16)
2,4 |@1€s, )
2,49 | @7, )
2,4 |(@6 )

This, together with the previous table, cartainly seems to indicate that the gradient of the
tangent of y = x? a the point P(2,4) is exactly 4.

Unfortunately the gpplet (ddliberately) doesn’t dlow you any finer adjustment than moving P
orQingepsof 0.1at atime, soQatx=2.1or a x =1.9isthe closest you can get to x =
2. However, if you want to try to convince yoursdlf that the gradient of the tangent is 4, use

your calculator to complete the following table:

Yoo Vi
P Q Y2— V1 Xo — X1 X, - X,
2,4 (2.01, )
(2, 4) (2.001, )
2,4 (2.0001, )
(2,4 (2.00001, )
Convinced?

OK, s0 the only information obtained from the previous few pages was that the gradient of
the tangent of y = x? a the point P(2,4) is exactly 4. What about the gradient of the tangent
at other points? At this stage, I'm afraid al you can do is repesat the process.

Move the point P dider to 3.0 and the Q dider to 5.0 and then complete the following table
in the same way as before:
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Yoo ¥

P Q Y2— V1 Xo — X1 X, - X,
G )6 )
@B ) |@5 )
@ ) (@40 )
G ) | @5 )
G ) B4 )
@G ) B3 )
G ) |Gz )
@G ) [BL )
@ ) B0 )

As a good guess, on the basis of what you did in the previous tables, the gradient of the
tangent of y = x a thepoint P(3, 9) is........

Now, place P a x = 2.5, move Q either sde of P and, without writing entries in a table,
note the gradients of the chords as you approach P. Y ou should be able to ‘guess that the

tangent of y = x? a the point P(2.5, 6.25) is ...... Do the same in order to complete the
following teble:
P Gradient of tangent
(2,4) From the table on the left, you should
be able to conjecture that for the
(25,6.25) curve y = x4 the gradient of the
(3,9 tangent a any point on the curve is
@5 ) | | |- times the vaue of the x-
" coordinate of that point and thet this
4, ) holds for ANY point on the curve,

Now that you have a basic fed for the difference between chords and tangents and their
respective gradients, this is a good place to finish with the gpplet and introduce some
important notation. For this, you will have to download the “Differentiation 1 — From
Chords to Tangents’ theory sheet available from the same MathinSite web page from
which this tutoria document was downloaded.

Generdisation from the curve y = x? to other curves is covered in other applets on
MathinSite
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