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Differentiation 2: Differentiation of some Basic Functions
The Software Tutorial 3: y=cosXx,y=tan x and y = &
I nfinities, Asymptotes and Discontinuities S

;;( .)9

L earning Outcomes
After usng the applet and this tutorid sheet you should

develop, through experimentation, a deeper indght into the differentiation of cosine,
tangent and exponentia functions

be aware of discontinuities and asymptotes of a graph

be able to answer “what if ...7" questions about the  and 2° differentids of these
functions.

These outcomes are extra to those already listed in the first and second tutorial sheets.

| ntroduction

Before using this tutorid sheet you should have used the goplet, “ Differentiation 1. From
Chords to Tangents’ - dso available from the MathinSite web ste - and the applet and
tutorid sheets, Differentiation 2: Differentiation of some Basic Functions, “The Software
Tutorid 1: y = x* and “The Software Tutorid 2. y = Snx”.

Running the applet

Youve dready hal e ini =]
ingructions in the firg = ™

tutoria sheet on how to | | T

run the applet so that N —F

% {degreas)
L, B A b IMI{'WIB{IJ}‘JMMB&D&HWWN Chthe o d o=t the

won't be repeated here.

After the applet loads, i 7 e
pick Yy = cos X" from Ee——— = Fiaads o
the drop down menu in ¥ _ st e,
the upper right of the | i P x jeegras)

applet window. You will L .u....?u_ D HOTE Fie s of
see a display smilar to L ] T ety

[t paites msois

that shown here Frericcers
(dthough the cursor .
position may be |, ; : x {degrees)

. g dd & & (30 120 140 Jed [ED 2 20 340 0 WD WX 0D 341 B
different).

Lo oo

The Tutorial e e v
The gpplet now shows the graph y = cos x in the top window, again with the tangent to the
curve superimposed as a blue line. The second graphics window shows the graph of the
derivaetive, namey dy/dx = - sin x and the third shows the second derivative graph, namely
d?y/dx? = - cos x (cos again!). Superimposed on al three is the dotted cursor line,

Remember that % representsthe gradient of the tangent (or dope) of the original
X

2
curve and that d 2’
dx

representsthe rate of change of the gradient of the tangent

P.Edwards, Bournemouth University, UK O 2001 Page 1 of 6

For the associated ‘ Differentiation 2’ applet, visit http://mathinsite.omth.ac.uk/html/applets.html




Print and use this sheet with MathinSite's ‘ Diff of Basic Functions’ applet to have a permanent record of your work.

Thegraph y = cos x
[In passing, you should have noticed that for y = cos X, the differential curve isthe minussine curve
and the second differential curve takes you back to the original cosine curve, albeit MINUS cosine.]

Use the gpplet to complete the following table for y = cos x.

Cursoris | Cursor is dy _ d?y _
ax= ay= dx ax2 ‘Grab’ the cursor lineto moveit to
o° the values shown in the table
(your computer’ s processor may
30° not allow you to get all of these
values exactly —writein the
45° closest values you can).
60° Read the values for the x and y-
S coordinates and the values of the
90 first and second differentials from
S the text area on the right of the
120 applet window and put them in the
1800 table.
270°

What do dl the% vaues havein commonfor 0< x<180? They'redl.......
X

What do the values of % have in common for 180 < x < 3607 They'redl
X
d?y

Throughout the range 90 < x <180, thesignof —= is
X

In 90 < x <180, the curveis concave...upwards/downwards < delete as appropriate

Maxima and Minimaon y = cosx in the range 0° to 360° inclusive
Use the gpplet to complete this table for valueson y = cos x.

Cursor Cursor dy _ d?y _
ax= ay= dx dx?
00
180°
360°
Soin the range 0° to 360° indusive'y = cos x hastwo PRI 111 2|
and one U 14 ¥ 49!

Using the goplet to degpen indght into maxima, minima, points of inflection and concavity
has aready been covered in the previous tutoria sheet covering y =Sn Xx.
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Thegraph y = tan x

Pis Hep

Choose“y =tan x” fromthe | =z
drop down menu in the ||® / e
upper right of the applet

-

window. You will see a [T F SR w s | i
dlS)l@/ dmilar to that shown | ; E'I::-”I‘u;l“;lw
here (athough the cursor || G (D ML e
position may be different). || TR
Notice that the graphsof y = || i | i | T
tan x and itsfirst and second ||| —] SR it

T Dretess atx (el be
Mg 4D S0 A0 {100 130 1) S0 JED 00 3N M0 DD |0 0 3030 30 M gy et mesors

derivatives, as wdl as TH T

5 Tha THICK, OFEEN Sme

showing the vertica dotted ||- S i e e
green cursor line and the || + e AT
blue tmgmt |irB, dw g,-mv P IO TR [T TR F 1) Iﬂ- LSTIED W0 XX D40 0 [0 N 3N AT

solid vertical linesat x = 90° || -
and x = 270°. These vertical [“o e
linesare NOT part of the graphs. Their purpose will be explained now.

If not dready there, move the vertical dotted cursor line down to x = 0 and then dowly
move it towards x = 90°. As the cursor is moved, the first and third graphs begin to scroll
downwards to kegp showing the cursor point on each curve. Further towards 90° the
second graph begins to scroll too. Passing through 87, 88, 89° to 90°, each of the three
curves vaues (and, indeed, their gradients) become “very large’.

Use the applet to complete the following table: ‘Grab’ the cursor line to moveit to the
cursor cursor dy _ d 2y values shown in the table (you’'ll need
_ _ — = = asteady hand!). Y our computer’s
ax= ay= dx dx? processor may not allow you to get all
86° of these values exactly —writein the

closest values you can.
87°
Read the valuesfor the x and y-
88° coordinates and the values of the first
S and second differentials from the text
89 areaon the right of the applet window
90° and put them in the table.

Infinity - Mathematicians ver sus Engineers

“Infinity” ? What is “Infinity” ?'Y ou can see that as the cursor passes through 87, 88, 89°, the
y vaue becomes increasingly larger — so much so that AT 90°, the vaue is 000 large that
the mathematicians say that it is ‘undefined’, whereas the engineers are more likely to say
that the value approaches (or even, is) ‘infinity’. Unfortunately, even the star ship USS
Enterprise flying a “Warp Factor 9" cannot possibly reach infinity — you may think you are
AT infinity, just as someone flies past you! This leaves mathematicians rather reluctant to use
a term for something that has not ever been seen (or defined). For engineers, however,
infinity just meansa“very large’ number. Infinity is usudly given the symbol, ¥ .
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Asymptotes

As the cursor moves towards 90°, each curve approaches but (theoretically) never touches
aninvishle veticd linethrough x = 90°. In the applet here, though, these vertica lines have
been drawn to illugrate (for illugtration only) and are cdled asymptotes. Obvioudy our
three curves here merge in to these asymptotes due to the thickness of the lines —
theoreticaly, asymptotes and curves are infinitesmdly thin and no maiter whet the level of
magnification you would not see a curve touch its own asymptote. If you have used the
“Exponentid Function” gpplet in this series, you will have seen asymptotes before. The
graph of y = €* hasthe x-axis as a horizontal asymptote. The curvey = €* gpproaches (but
never touches) the x-axis as x becomes large. You may wish to mark this here and come
back to it next time you load up the “Exponentiad Function” applet.

Onthegraph of y=tan X, intherange O £ x £ 360,
there isasecond asymptote at x =

Discontinuities

Run the cursor from l€ft to right from 80° to 90°. As the graph approaches 90° from the left
(or, as x =2 90), the y-vdue (i.e. tan Xx) increases off to PLUS infinity. Now move the
cursor to about 100° and move it dowly from right to left down to 90°. Now as x = 90"
(i.e. approaches 90 from the poditive sde), tan X decreases down to MINUS infinity.
Passing through 90° from I€ft to right, the value of y = tan x changesfrom +¥ to - ¥,
instantaneoudly. If you were able to draw this, you would keep your pen on the page as
you draw up to +¥ , then you have to take your pen off the page, place it down to - ¥
and continue drawing. In cases like this where you have to take your pen off the page to
continue drawing a a different height, you say that the curve has a discontinuity (at 90°,
270°, etc. for y = tan x).

Onthegraph of y=tan x, intherange O £ x £ 360,
there is a second discontinuity at x = eeeernd?

Isy=tan x astraight line asit approachesits asymptote?

Look at the applet window. Move the cursor close to 90° or 270°. What happens? It
draightens out. It has to. It is approaching a straight line (the asymptote itsdlf) so it to hasto
become dtraight.

Use the applet to complete this table:
Cursor d?y _ Knowing what you have seen in this and the previous tutoria
ax= ax? sheet about what happens when d?/dx? = 0, what can you
Q° say about the curve of y =tan x at 0° and 180°?
38° Look at the curve of y =tan X, isit becoming sraighter as
you approach 90°? Yes/No
89°
180° Does d’y/dx* become zero asx > 90°? Yes/No
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Thislast task highlights very effectively a point raised in the previous tutorid sheet:

If d?y/dx? = 0 a any point on acurve, the curveis instantaneoudy straight at that point
BUT
The fact that a curve may be straight does not necessarily imply that d?y/dx? will be zero

Why thisissoisresolved in the “ Radius of Curvature” applet.

Thegraph y = e* (or y = exp x)

Choose “y = exp (X)” fromthe = “"“ e
drop down menu in the upper 15T ' S
right of the applet window. You |i| | : —_—
will see a display similar to that |- L e
shown here (although the cursor e T e ras 7 | | s sos s

S L s v g it s = i sl 88
iyl = oip) :

podtion may be different).
Notice that the graphs of y =
exp (x) and its first and second
derivatives are all the samel |\
The exponentiad functiony = € [[& &=

is the only function whose ’
differentid equds the origind
function.

ol 1 rmoaad derrwicen
'y rde" L 40

Wz % 0508 L0012 1A LE 1620 15 28 26 20 30 32 34 18 10 #0 % 44 48 48 53

. o ]

r y, which appears in many
X

[This results in the famous *differential equation’

science and engineering applications.]

From the gpplet graphics windows, note the following points about this particular
exponentid curve:
Following the curve to the left of x = O, the curve dowly descends to, but never
attains, the vdue zero, i.e. the x-axisis an asymptotetoy = €.
Since the curve for dy/dx isthe dso of the form €, dy/dx never equals zero, so the
graph of y = € never reaches aloca maximum or a minimum.
On this curve, d?y/dx? does tend towards zero as x > - ¥ , therefore you can say
with certainty that the curve draightens out as X = - ¥ . (It may or may not
draighten out as x > +¥ , but you can't tell this from the value of d?y/dx® which
itself becomes ‘large’ as x becomes large.)
d?yldx? = €*is dways positive, so the curvey = € is dways concave upwards.
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Exercises
1. The gpplet showed that the curve y = cos x has alocd maximum a x = 0° and a loca
minimum at 180°.
a Sketch thecurvey = cosx intherange - 360° £ x £ 720° and show any other
local maxima and/or minimain this range.
b. What equation has to be solved to find dl these Sationary points?
C. Use this process to find and classfy dl the Sationary points (i.e. max, min or
horizontal points of inflection) of y = 5cos 2x for 0° £ x £ 360°

2. Thistutoria sheet didn’'t show whether the curvey = tan x has any locd maximaor locd
minima
a How can you tell from the second graph on the applet window that y = tan x
has no setionary values?
b. With the help of the third grgph determine the position of any points of inflection.
c. Sketch the curve y = tan x in the range - 360° £ x £720°. Notice the
‘periodicity’ of the tangent function.

3. Sketch the three graphs that would have resulted in the gpplet’ s three graphics windows
ifithad usedy = €*instead of y = €. Rewrite the four ‘bullet points' at the bottom of
page 5 for this case.
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