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L ear ning Outcomes
After usng the MathinSite LRC Series Circuit gpplet and its accompanying tutorid and
theory sheets you should

be aware of the composition of an LRC Series circuit

be able to mode the LRC Series Circuit mathematicaly

be aware of solution methods for the LRC circuit’s associated differentia equation
be aware of the different types of solution of the LRC circuit differentid equation

have developed, through experimentation with the gpplet, an understanding of how the
current in an LRC series circuit responds to changes in system parameters and applied

voltages
be able to answer “what if ...7" questions about the LRC Series Circuit.

Prerequisites
Before using the applet and the accompanying theory and tutorid sheets, familiarity with the

foIIowmg meathemeatics would be ussful (but not vitdl).
The Straght Line
The Exponentid Function — including the notion of *time condants
Trigonometrica Functions (in particular Snes and cosines)
Differentiation and Integration, and
The solution of linear second-order differentid equations

However, even without this knowledge, just understanding how the circuit responds can
help in your gppreciation of the mathematics involved. Applets covering most of the above
mathematical topics can adso be found on the MathinSite web dte at
(http://mathingte.omth.ac.uk/html/applets.html).

Background
Inductance, L, resstance, R, and capacitance, C, are the building blocks of basic eectrica

systems studied in first-year undergraduate engineering. A voltage (the input) applied to such
acircuit containing these eements will result in a current flow (the output, or response) and a
change in the charge on the capacitor. But what form does the resulting response take?

This applet dlows investigation of a circuit containing an inductor, a resstor and a capacitor
in series. The parameters L, Rand C can be varied, dong with the initid current in the circuit
and gpplied voltages (congtant, ramp, sinusoidd and exponentialy varying voltages can be
input). The applet displays the circuit's response as graphica output together with the
governing differentid equation and its solution, i.e. the mathematica equation of the resulting
current.

Using the LRC Series Circuit gpplet will help give you afed for how changes of the circuit
parameters affect circuit response — both graphicaly and mathematicaly.
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The LRC series circuit
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The dectricd circuit above shows an inductance L, aresistance R and a capacitance C, in
series. A current i(t) will flow in the circuit when avoltage e(t) is applied.

Usang i(t) and e(t) indicates that current and voltage vary with time (i.e. they are time-
dependent variables). Of course this doesn't preclude the possibility that the voltage, for
example, could be congtant (e.g. the voltage source is a battery).

The drop in voltage (i.e. potentid drop) across the resistance is iR (from Ohm's Law),
acrossL itis Lﬂ and acrossC itis l@tidt :
dt C

Kirchhoff’s 2™ Law says that the sum (i.e. addition) of potentia drops across dl of the non-
supply dementsin the circuit equas the applied voltage of the supply. So,

di R
L—+Ri+—=pidt=¢(t
at cQidt=e

and thisan integro-differential equation!

Solving generd equations of this type can be difficult. However, for this particular equation
there are two ways forward that amplify the problem.

Method 1

Bearing in mind that the current in the circuit is given by the rate of change of charge
on the capacitor, it ispossbletordate i and quang i = % where q is the charge on the
capacitor measured in coulombs.

. 2
Upon integration, this gives q = éidt and upon differentiation, % - iﬁq

So rewriting the above integro-differential equation in terms of q rather than i gives
d’q  _dgq 1

L +R—+=q=e(t

dt? & . ©

Thisis now a linear second-order differential equation with constant coefficients
which can be solved by a variety of methods to find the charge, g, in terms of time, t.
Methods of solution will be discussed later.

Quite often, it is the expresson for current that is required and, here, differentiating this
solution for g with respect to t will give the solution for the current, i, in terms of t (Snce
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Method 2

Differentiating the above integro-differentia equation with respect tot gives
2. . d t

Ld_; + Rﬂ +ii = e( )
dt d C dt

L.
_ dq dQldt _
noting that — = —— =i ).
(noting T dt )
This is again a linear second-order differential equation with constant coefficients
which can be solved by a variety of methods to find directly the current, i, in terms of time, t.

Note here that the right hand side isthe differential of the applied voltage.
Integrating the solution for i with respect to t will give the charge, g, interms of t.

Usudly such differentid equations require two initial conditions specifying vaues for the
current (or charge) and the rate of change of current (or charge) in the circuit when the
voltage source is gpplied (often at time zero). These could look like, for example,

i =iowhent =0 (orasi(0) =i,) and %= Xwhent=0 (i, and X are specified val ues).

Digression on Variables and Parameters In the above circuit e(t) isthe input to the
circuit and it varies with time, i.e. it is time dependent. i(t) isthe output of the circuit once
the input voltage has been applied and it, too, is atime dependent variable,

i(t) and e(t) are cdled dependent variables since they are dependent here on time, t,
which is cdled the independent variable Note that in any such circuit, current and
voltagewill vary (unless they are congtant) dl the time. However, in aparticular circuit L, R
and C will dways take just the one value for dl time. This doesn’'t mean it is not possible to
change any of them - but if they are changed, this results in a completely different circuit and
hence a completdy different differentid equation to solve. Here, L, R and C are
parameters of the sysem.

Solving Second-order Differential Equations

As with many red-world gpplications, the LRC series circuit is a time-dependent system.
Generdly, the solution of such a sysem’s differentia equetion is the output of the system
andis, inthiscase, i (or q) a time, t. It is therefore necessary to solve the differential
equation to obtain “i (or g) = some function in termsof t”.

The LRC Series Circuit’ s differential equation can be solved in avariety of ways. Two ways
will be illusrated here. If you are using the applet purely to investigate the type of
response obtained when varying the parameters of an LRC Series Circuit, you do not
need to understand the following. However, dl engineering undergraduates should be
familiar with a least one, if not both, of the following methods.
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To see how the current changesin the LRC circuit when an gpplied voltage is switched on,
it is necessary to solve, with gppropriateinitia conditions, the circuit equation
. .
Ld—2|+RdI N 1i_de(t)
dt d C dt
Suppose thet for aparticular circuit,
» L=1HandR=3Wand C = 0.5 F (these are unredigtic ‘real-world’ vaues but they
make the caculations easier!)

= aramp voltage given by e(t) = 4t, isapplied and
= initialy the current is 3 amp and is changing & arate of -2 amperes per second.

In this case, the governing differential equetionis

dt Remember: the differential
di of the applied voltage.
and theinitid conditionsarei = 3 and & =-2whent=0.

Method of Solution 1. (The *assumed solution’ method)

Further examples and some background explanation of this method can be found in a variety of
textbooks. One such example is “ Engineering Mathematics’ by Stroud, K.A. and Booth, D.J. (Fifth
edition, published by Palgrave, UK, 2001) See pages 1071 — 1096.

All differentid equations of this type have two parts to ther solution: the complementary
function (CF) and the particular integral (PI). The CF relaes to the left Sde of the
differential equation (and so relates purely to the LRC system itself) and the Pl rdates to the
right sde of the differentid equation (and S0 relates to the applied voltage). The overall
solution is found smply by adding the CF and the PI.

Tofind the CF

did _d
Ut — +3—+2i =0
P dt®> ot

Snceitisknown that dl differential equations of this type have exponentiad solutions, assume
asolution of theform i = Ae™ and subdtitute for i and its first and second derivatives to
obtain the auxiliary equation:

m*+3m+2=0

Thishassolutionsm=-1and m= -2

SotheCFis

ic =Ae' +Be?*
Tofind the Pi
Since this type of differentia equation is ‘linear’, it is known that ‘what goes in, comes out’.
So if the gpplied term isa congant (4, in this case) then the Pl is dso a congtant.

Assume that the Pl part of the solution is i = k, where the vaue of congant k has to be
determined. So subgtituting | = k and its first and second derivatives into the full, originad
differentid equation gives
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043" 0+2k=4 iek=2,
0 iy =2
Theoverdl general solutionisgivenby i =i, +i,,s0i=Ae"' +Be® +2

It is now necessary to determine the unknown congtants A and B, which are found using the
initid conditions:

iz Ae'+Be?+2 b 3=Ac’+Be?%+2 soA+B=1
ad
%: -Ae'-2Be? p -2=-Ae’-2Be?° sO-A—-2B=-2

These two Smultaneous equationsin A and B can be solved tofindB=1and A= 0.
So, Theoverdl particular solutionisgivenby i = e +2

This has the solution curve

I A

3

2.5 sec (approx) t

Note that the current settles down to a steady-state vaue of 2 amp (rating to the input to
the system). This current has atime constant,t , of %2 second o that the transient (the
part of the solution relating to the system itself and its associated exponentia decay) dies
away inabout 5 t = 2% second.

Note on time constants: Any exponential decay term of theform e (k > 0) has a time constant defined
by t = k. t is a useful quantity since 5°t gives a measure of approximately how long the
exponential term takes to decay away to zero. In this theory sheet and in MathinSite's LRC Series
Circuit applet, 5” t isused, although some other authorsuse 6 t .

Further information on time constants can be found in the theory and tutorial sheets of MathinSite's
‘Exponential Function’ applet.

The LRC Series Circuit differentid equation can aso be solved using L aplace Transforms.
If you are sudying on an engineering course, it is highly likely that you are, or soon will be,
familiar with this method. As an introduction (or reminder) of the method, let’s solve the
same eguation, but thistime using Laplace Transforms (LTS).
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Method of Solution 2. The Laplace Transform Method
di . _di

—+3—+2i =4 Same equation and initial conditions as before, but thistime the
dt dt Laplace Transform of the equation will be used - found from tables
of LTsfromformula, or text, books (e.g. Stroud & Booth).

and theinitid conditionsarei = 3 and %: -2 whent=0.

REMINDER: fromthe definition of the Laplace Transform (LT) and tables of transforms,
= thelLTofi(t)isi ,

di
= thelLTof — is d - i(0), wherei(0) isthevalueof i whent= 0, and
dt

dri -
= thelTof — is 32i - si(0) - i€0), where, again, i(0) isthe value of i whent = 0,
dt
and i’(0) isthe value of the differential ofi att =0

4
« thelLTof4is —.
S
Take the Laplace transform of the differentid equation to give

2 ae (L = -_4
(SI 3s (2))+3(S| 3)+2i 5 or

(s°+3s+2)i -3s+2-9 :i 0
S

2
(s°+3s+2)i =3s+7 sAo35 rrsta
s s
~_ 3 +7s+4 _2, 1

| Cs(s+1)(s+2) s (s+2)
by “Partial Fractions’.

Now take inverse Laplace Transform to find i(t).

(These can be found from LT tables reading from the right-hand column across to the
left-hand column.)

iz2+e? as before.

If you have not seen this method before, don’t worry. It’'s here just to show you that thereis
another way of solving such differentid equations. The LT method of solution is a most
powerful and more sophisticated method, which totally bypasses the need to ‘assume
solutions . Furthermore, the initid conditions are “taken care of” a the outset - there is no
need to determine separately the congtants A and B. Hopefully, you can see that the LT
method has “ possibilities’!

The LT method contained unexplained variables, (s), and needed the use of partid fractions.
However, Laplace Transforms are extensively used in dectronic, dectrica, mechanicd and
control systems, so it is clear to see that knowledge of how they are manipulated becomes
imperdtive to any enginesr.

P.Edwards, Bournemouth University, UK O 2003 Page 6 of 7

For the associated ‘ LRC Series Circuit’ applet, go to http://mathinsite.bmth.ac.uk/html/applets.html



Print and use this sheet in conjunction with MathinSite's ‘LRC Series Circuit’ applet and tutorial sheets.

Appendix

Analysis of different parts of the solution

An LRC Series Circuit is a ‘linear system’, that is, it behaves according to the rule “what
goes in, comes out”. So a Snusoidd input (right hand side of the differentid equeation), for
example, results in asinusoidal output. However, before the circuit settles down to a steady
state snusoida output, it usudly exhibits an exponentia response (the transient — or ‘short
lived' - part of the response).

The LRC differentid eguation’s solution comesin two parts:

i=f(t)+g(t)

Thefirg part, f(t) is cdled the Complementary Function (CF) and, being dependent only
on R, C and L, results from the system (circuit) itself. It invariably involves exponentia decay
for non-trivia cases.

Since f (t) exponentialy decays away, this part of the solution is called the transient.

The second part, g(t) iscdled the Particular Integral (P1) and results from, and takes the
same form as, the right-hand sde of the differentia equation (which is related to the input to
the system). So, if the right hand sde is a snusoid, the Pl will dso be a snusoid (possibly a
mix of snesand cosines); if it is of theform ae™ thenthe Pl is Be™ (or (Bt + C)e™ under
certain conditions).

g(t) isthe steady state part of the response.

.. S0,

“the PI (Steady dtate output) is the same form (trig, exponentia, dgebraic, etc) astheright
hand sde of the d.e.”

and thisis characterigtic of linear systems such as the LRC Series Circuit.

The overdl solution (current or charge) isthe sum of the CFand F1.

Note that various mixes of values for theinitial conditions, system parameters and applied voltage
parameters can result in any part of the full solution being zero (as happened in the above example).
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