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Piecewise, Odd/Even and Periodic Functions NEMg

>
Theory Sheet ;(@E);

L ear ning Outcomes Vioraen
After reading this theory sheet, you should be able to:
Recognise, sketch the graphs of , and evaluate points on

0 piecewise defined functions

o functionsthat are even, odd, or neither odd nor even

0 periodic functions
Piecewise functions
Engineers use many basic mathematical functions to represent, say, the input/output of systems -
linear, quadratic, exponential, Snusoida and so on — but how are these used to generate some of
the more unusud input/output Sgnals such as the square wave, saw tooth wave and fully rectified
sne wave?

TS

Condder the following sngle pulse
function, f(x): 4

(This diagram is part of a screenshot from
the accompanying MathinSite applet in ?
which the movable crosshair cursors shown
are used to describe the function 1

graphically.)

This function is zero everywhere, except where it takes the vaue 4. It is described in different
ways for different parts of its domain, (the domain is the range of vaues that can be taken by x).
Itisapiecewise function, snceit isdefined in ‘pieces.

A piecewise defined function is one which is defined usng two or more formulas.

Here, itis
10 x<2 10 X£2
f(X)=:'4 2£ x<4 or,dternatively,f(x):%4 2<x£4
¥0 x2 4 ¥O X>4

Note the difference between these two equally valid forms.

In the firg, the function takes the vadue zero from minus infinity al the way up to, but not
including, x = 2, then takes the value 4 from x = 2 up to, but not including, x = 4. From 4
inclusive onwards, the function returns to zero.

In the second, the function takes the vdue zero from minus infinity dl the way up to, and
including, x = 2, then takes the value 4 from x = 2, not included, up to, and including, x = 4.
From 4 not included onwards, the function returnsto zero.
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Congder the following piecewise description for the previous pulse function.

10 XE2
f(x)=i{4 2£x£4
to x>4

Thiswould not be dlowed since a the ‘joining’ point x = 2 the function is defined in two different
ways, the function takes both of the values 0 and 4 a x = 2. This contravenes the ‘single input,
sangle output’ requirement of dl functionsthat asingle vaue of x into the function should result in a
single vaue out of the function.

In order to digtinguish graphicaly which piece takes an end vaue, use is made of a hollow circle
or afilled circle. The hollow circle indicates that the endpoint is not included and the filled circle
indicatesthat it is.

i0 x<2
So for the definition f (x) = ta 2£x<4,
1o x34

the above the graph (with the axes removed for clarity) should gtrictly look like:

— O
< O e >
X=2 Xx=4

The arrows indicate that the domain is not bounded to the left or the right — the whole domain
gretches from minus infinity to plusinfinity.

i0 XE2
For the second definition, f (x) = b4 2<x£a4, the graph would be
1o x>4
O ®
< o O >
X=2 Xx=4

Note what ese, gpart from the axes, is missing from both of these graphs when compared with
the MathinSite screenshot. The vertical linesat x = 2 and x = 4 joining the endpoints of
each piece. So should they be there, or should they not? Mathematicaly spesking, the answer is
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‘No'. The function shown is an example of a discontinuous function. At x = 2, the functions
jumps ingantaneoudy — there is a discontinuity — from the value f(x) = 0 to f(x) = 4. As the
function gpproaches x = 2 from the left it takes the value of zero; whereas approaching x = 2
from the right it has the value 4. The function is discontinuous at x = 2 (and again, of course, at
X =4).

So why does MathinSite include the verticd line - and do other Mathematics packages do the
same?

MathinSite is primarily amed towards engineering undergraduates where, for example, a pulse
function is a sandard ‘signd’ used in engineering systems. Such a signd can be visudised on an
oscilloscope, where a beam dectronically traces out the signd
across the screen. For the above example, the beam would not
switch off a x = 2 when tracing out the sgnd’s ingtantaneous
rise from zero to 4 and hence the beam traces out the vertica
gdes of the pulse—in fact, making it more pulse like. 2]

Mathemeatics software packages such as Maple dso show the .
‘ddes of such pulses. The diagram on the right is part of a
Maple screenshot. a

a ! : 3 i L]

Piecawise functions can, of course, be continuous. Congder the following function.
4_

i O t<0
I 42
()= t? O0£t<2 4
[-t+6 2£t<6
{ o t3 6 )

If a piecewise (non-rationa) function is going to be
discontinuous, it is only ever going to be discontinuous & the ]
points where the function changes its definition. For this
example att =0, 2 and 6.

o 2 4 B ,8 10
At t = 0 the function gpproaches a vaue of zero both from the t
left (where it is defined as 0) and from the right (where it is defined as 7). In mathematical terms
this can be written

fim{ f (t)} = lim{ f (1)} =0

i.e inthelimit, ast = 0 is gpproached from the negative sde, the function takes the same value as
whent = 0 is gpproached from the positive side, here zero.

At t = 2 the function approaches a vaue of 4 both from the left (2% and from the right (-2 + 6),
ie lim{ f(t)} =lim{f(t)} =4
t® 2

t®2

At t = 6 the function gpproaches a vaue of zero both from the left (-6 + 6) and from the right (0),
ieie lim{f(t)}=lim{f(t)}=0

t®6 t® 6"

Therefore the function is continuous for al pointsin the domain — as can be seen from the graph.
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Even and Odd Functions
All functions must be odd, even, or neither odd nor even. From a graphica ingpection, it is farly
graightforward to determine in which category afunction belongs.

Graphical Definitions
y = f(x) isan EVEN function if its graph
0 issymmelric with respect to the y-axis, i.e. it reflectsin the y-axis.
y = f(x) isan ODD function if
0 its graph is symmetric with respect to the origin, i.e. the graph reflects
through the origin, or
0 itsgraph rotates about the origin through 180° without changing its form, or
0 the shgpe of the graph is unchanged if it is reflected in the y-axis, then the x-
axis (or vice versa)
else, f(x) isneither ODD nor EVEN.

These ideas are best illustrated using some basic functions.

The diagram shows the graph of f(x) = x°.

This graph can easily be seen to be symmetric about the y-axis —
the graph reflects in the y-axis — so, f(x) = x* is an EVEN
function.

Other functions that can be seen in asimilar, graphica, way to be
even functions are

f(x) =x2+ 2,

f(x) = cosx,

f(x) = /%2,

f(x) = x* etc o

The diagram shows the graph of f(x) = x°.

This graph can easly be seen to be symmetric about the origin
— rotating the graph through 180° about the origin, or reflecting

1 1} 1 2

the graph in the y-axis, then the x-axis (or vice versa) leaves
the shape unchanged — 50, f(x) = x* isan ODD function. A
Other functions that can be seen in a amilar, graphicd, way to il
be odd functions are

f(x) = mx, (yes, agtraight ling, sope m, through the origin)

f(x) =49nx,

f(x) = /x, (rectangular hyperbola) 404

f(x) =tan x, etc
The diagram shows the graph of f(x) = 10e”. a0t
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This graph can be seen to be neither symmetric about the y-axis nor resulting in the same graph if
it is rotated through 180° about the origin. f(x) = 10e” is NEITHER an odd function NOR an
even function.

Other functions that can be seen in asimilar, graphica, way to be neither odd nor evenare
f(x) = x3+ 1, the odd function f(x) = x> shifted up by 1,
f(x) = Inx,
f(x) = (x — 1), the even function f(x) = x? shifted right by 1
f(x) = /(x + 2), the odd function f(x) = 1/x shifted 2 to the |ft, etc

There is no need to sketch graphs, dnce there is an agebrac way of determining whether
functions are odd, even or neither. These are outlined below.

Algebraic Definitions
f(x) isan EVEN function if and only if f(x) = f(-x) for dl x in the domain of x.
f(x) isan ODD function if and only if f(x) = -f(-x) for dl x in the domain of x.
else, f(x) isneither ODD nor EVEN.

The meaning of each of these definitions can be seen by using examples from above.

A ook at the graph of f(x) = x* shows the symmetry with respect to the y-axis clearly. From this
it should be noted that the function value (effectively the y-value) a x isthe same asthe y-vaue at
—X. For example, a x = 2, f(x) = 4 or, more concisaly, f(2) =4, and at x = -2, f(-2) is aso equal
to 4. In fact, this symmetry property is such that for any value of x in the domain of an even
function, f(x) = f(-x).

By asimilar argument, for any value of x in the domain of the odd function, f(x) = x3, the function
vaue (y-value) at —x isthe negative of the function vaue (y-vaue) a +x. For example, for f(x) =
x3, with x = 2,

f(-2) = (-2)* = -8 and f(2) = (2)* = 8, 0 f(2) = -(-8) = - f(-2)

This gpproach can be used to easily determine oddness, etc without having to sketch any graphs.
Congder the following examples.

1. f(x) = cos x

Here f(-x) = cos (-x) = cosx = f(x), so cos x isan even function.

2.f(x)=x*+2

Here f(-x) = (-x)* + 2 = x* + 2 = f(x), so Sin X is an even function.

3. f(x)=9nx

Here f(-x) =d9n(-x) =-sn x = - f(x), so SN X isan odd function.

4. f(x) = IUx
Here f(-x) = 1/(-x) = - 1/x = - f(x), so I/x isan odd function.

5.f(x)=x3+1
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Here f(-x) = (-x)* + 1 = - x> + 1. Thisis naither equa to f(x) nor - f(x), so x* + 1 is neither an
odd nor an even function.

6. f(x) = (x — 1)°
Here f(-x) = (- x - 1)*=[(-1)(x + 1)]* = (x + 1)>. Thisis neither equal to f(x) nor - f(x), so x® +
1is neither an odd nor an even function.

7.f(x) =7
What isthe only function that isboth odd and even? (Answer on last page)

Combining odd and even functions
Even when two or more functions are combined, it is sill possible to determine whether they are
odd, even or neither.

Congder, for example, odd functions, f(x) & g(x) that are multiplied, resulting in the function
h(x), i.e. h(x) = f(x).g(x).

Since f(x) and g(x) are both odd functions f(x) = - f(-x) and g(x) = - g(-X), SO

h(-x) = f(-x).9(-x) = - f(x).- 9(x) = f(x).9(x) = h(x),
so h(x), the product of two odd functions, is an even function.

This approach can be used for other combinations of odd and even functions - and for functions
that are divided. The results can be tabulated as follows.

f(x) 9() f().9(x) or f(x)/g(x).
EVEN EVEN EVEN
EVEN ODD ODD
ODD EVEN ODD
ODD ODD EVEN

If ‘NEITHER' gppears anywhere in ether of the first two columns then, necessarily, the product
or quotient will also be ‘NEITHER'.

Examples

1. h(x) =x9nx

h(-x) = (-x).9n(-x) = -(X).- In(x) = x.9n x = h(x),
here the product of two odd functions results in an even function

2. h(x) = € cos x

h(-x) = (€”).cos(-x) = (€7).cos x
thisis neither equd to h(x) nor - h(x),
s0 the product of an even function with one that is neither odd nor even
resultsin afunction (h(x)) that is neither odd nor even

Sketch graphs for both of these examples will corroborate the agebraic findings.
Now congder for example, odd functions, f(x) & g(x) that are added, resulting in the function
h(x), i.e. h(x) = f(x) + g(x).

Sincef(x) and g(x) are both odd functionsf(x) = - f(-x) and g(x) = - g(-x), so
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h(-x) =(-x) + 9(-x) = - f(x) - g(x) = - (f(x) + g(x)) = - h(x),
s0 h(x), the sum of two odd functions, is an odd function.

This approach can be used for the sum of other combinations of odd/even functions and for those
that are subtracted. The results can be tabulated as follows.

f(x) 9() f(x) + g(x) or f(x) - 9(x).
EVEN EVEN EVEN
EVEN ODD NEITHER
ODD EVEN NEITHER
ODD ODD ODD

If ‘NEITHER' gppears anywhere in ether of the first two columns then, necessarily, the sum or
the difference will dso be ‘NEITHER'.

Examples

1. h(x) = x> + X

h(-x) = (-X)* + (-X) =X - X
thisis neither equd to h(x) nor - h(x),
30 the sum of an even function and an odd function
resultsin afunction (h(x)) that is neither odd nor even

_h(x) =x3 + x
h(-x) = (X)°+ (%) = -X° - x = (3 + %) = - h(¥)
90 the sum of two odd functionsis an odd function

Piecewise functions can dso be odd, even or neither. The accompanying MathinSite applet
dlows the user to generate piecewise odd and even functions. Consder the following
MathinSite screenshot.

Graph Type:

Function Type:
[either

Mumber of Curgors

Piecewise Description ( ¢ > 0)

0 D=t<10
= 2.0t-2.0 1.0=¢=2.0
-2.0t+ 8.0 20=t=30

This shows a triangular waveform whose piecewise description is shown in the textbox. The
function isonly described fromt = 0 to 3.
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MathinSite alows the user to generate odd and even waveforms from an origind piecewise
description. The following screenshot shows this waveform extended as an ODD function (as
indicated in the ‘ Function Type box),

D) Graph Type:

4 Triangular j

3
.3
Function Type:
; Odd =]
8 W hwarnver orcursors |
= ] 3 z : 7 umbernfCursnrs
1 P g r .

it Graph Type:;
4 Triangular j

&3
Function Type:
! Even j
: ‘
3 -2 1 4 5 ] T : -
1 p L

Periodic Functions

A periodic function is a function that exactly and regularly repests itself every given period, or
cycle.

The definition of a periodic function mathematicaly is
f(t) =f(t + T) where T > O represents the period.

This saysthat the value of the function, i.e. the‘y’ value a t + T (where t could be any vdue) is
effectively the same vaue asit was at t, so ensuring the repetitive nature of the curve for dl t.

One of the most ‘famous’ periodic curves is the sine wave, awaveform that repeats every 360°
or 2p radians.

Since this theory sheet is directed particularly towards engineers and scientists, period is usudly
measured in terms of time - seconds for example — giving ‘ periodic time'.
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Bdow is a screenshot from the ‘ Trigonometric Functions' applet from MathinSite, which shows
the sinusoidal waveform y =A sn(wt +f ) inwhich y is plotted vertically and the time, t, is
plotted horizontaly.

¥

Choose Graph

a7 | v = Agin (e +E) vi

F=1l.7=2inilet]

Araplitude of curve is 1.7

w =160 radizec.

Sine curve has F=w J2P1

s0 the frequency of the curve is
JF=2546Hz,

and the periodic tire is
I'=0392s

There is no phase shift.
The periodic, repetitive nature of the waveform is clearly seen here. For this example, the periodic
timeisgivenas T = 0.392 s (3 d.p.). The function is f(t) = 1.7 sin (16t) and the periodicity is
represented by the statement, f(t) = f(t + 0.392). Choose any point on this curve; note its 'y’
vaue and dope and 0.392 seconds later the curve is passing through the same ‘y’ value with the
same dope.

One of the main ams of the accompanying applet is to investigate piecewise defined periodic
functions - piecewise functions that may aso be odd or even functions.

The following sequence of diagrams shows how a piecewise, periodic, even function can be
produced. First the applet is used to produce a piecewise defined waveform.

Funelon T

Piecowise Description

o< 00 0 = ¢-<10
m= 40 10 < f =20

Thisis then made an even function using the * Function Type' drop-down box,
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| 2
-4
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Even Function
A-t1=48

Piecewise Description
40 .20 £ f<-10
fifi = 0.0 -10 = § =10

40 10 <t <320
and finally made periodic using the * Periodicity’ checkbox,

e Eeree

| LIl
1 | » Wi

|

1

— ‘_)._’
2

Even Function
A-t)=Hfh

Periodic Function
At+4.0)=fA

Piecewise Description

40 =20 = t="-10
fifi = 00 -10 = t =10

40 10 =t <20

The basic piecewise function is described from -2.0 to +2.0.
The statement f(-t) = f(t) indicates that the function is an even function.
f(t) = f(t + 4.0) indicates that this pulse train is periodic with periodic time 4.0 s,

The resulting periodic train of rectangular pulses is a waveform found especidly in dectronic
enginesring.

Answer to question on page 6. T he only function that is both odd and even is f(x) = 0.
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